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ABSTRACT

Penrod, Michael J., Exploring the Equivalence between the Poincaré Property of Order p
and the p-Neumann Property in the Variable Exponent Setting. Master of Science
(Mathematics), May 2020, Sam Houston State University, Huntsville, Texas.

In [5], it was shown under weak assumptions on a matrix function Q that the Poincaré
property of order p is equivalent to the p-Neumann property, where 1 < p < oo is a constant
exponent. We attempt to translate this result into into the variable exponent setting by
replacing p with a function p(-). To do so, we translate the Banach function spaces L”, and
Lg , and the Sobolev space Hé’p into their variable versions, LP('), Lg('), and Hé’p ('), and

investigate whether the necessary properties of these spaces still hold. We then attempt to

replicate the arguments in [5], and conclude that some arguments do not translate well.

KEY WORDS: Variable Lebesgue space, Poincaré inequality, Neumann problem, Sobolev
space.
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CHAPTER 1

Introduction
In [S)], an equivalence between weighted Poincaré inequalities and the existence of
weak solutions to a Neumann problem related to a degenerate p-Laplacian was proven.
The authors goal was to characterize the existence of a Poincaré inequality since, in many
works studying regularity of elliptic PDEs, the existence of a suitable Poincaré inequality
is either assumed or must be proven separately. The main result of [5] is stated below. Note

that all relevant definitions can be found in chapter 2]

Theorem 1. (Theorem 1.3 [5]) Given 1 < p < oo, suppose that }/p/ 2 ¢ L}OC(E ). The the

quadratic form Q(x,-) is p-Neumann on E if and only if Q(x,-) has the Poincaré property

of order p on E.

In section 5 of [5], applications of this result are shown. For example, the authors
describe a sufficient condition on the matrix weight Q, which illustrates when a p-Poincaré
inequality holds, and consequently implies the existence of a solution to the degenerate
p-Laplacian.

To prove theorem [I] the authors established useful results about the functions spaces
L? and L’é that were then inherited by the Sobolev space Hép . Much of the work then
revolved around a mean-zero subspace of H, é’p that connects the Poincaré property and the
p-Neumann property. In chapter[2] we provide a more detailed summary of how theorem I]
was proven in [5]. The authors of [S] also wish to determine whether this equivalence holds
when the exponent p is replaced with a exponent function p(-). The variable Lebesgue
space LP0) has many similar properties to the classical Lebesgue space L”. The form-
()

weighted variable Lebesgue space Lg can also be defined similarly to L’é. This leads to



us to investigate the desired equivalence between the Poincaré property of order p(-) and
the p(-)-Neumann property.

The function spaces mentioned before are very important in the proof of theorem [I]
The classical Lebesgue space L” consists of Lebesgue measurable functions that are scalar
valued. It is then possible to modify L” with a scalar weight function. These scalar function
spaces can be extended into a space of vector valued functions with weights taking the form
of matrix functions. Such a matrix-weighted space of vector valued functions is denoted
L’é. It can then be shown that the Sobolev space Hép can be uniquely represented by pairs
from L? x Lg. This then allows us to work with L” and L’é instead of directly working
with elements of Hé’p . To translate theoreminto a variable exponent setting, we develop
the necessary function spaces the same way. We define a variable Lebesgue space 948
as a collection of scalar valued function. We then define their weighted counterparts. We
()

show how to extend L”() to a matrix-weighted vector valued version Lg . Then, just as in

the constant exponent setting, we can uniquely represent elements of the variable Sobolev
space Hé’p(') by pairs from LP() x Lg(').

As stated earlier, our goal is to translate theorem [I] into the variable exponent setting.
The authors of [5], Dr. David Cruz-Uribe and Dr. Scott Rodney, are the most interested
is this translation. They have worked out most of the arguments to show theorem [I] holds
in the variable setting, but their proofs rely on three questions. Does the conjugate norm
equality (@) hold in the variable exponent setting? Is Lg(') (E) a Banach space? Is L’é(') (E)

separable if p; < oo, and reflexive if 1 < p_ < p; < ? We will answer these questions in

chapter 3] and then attempt to extend theorem [I]into the variable setting.



The remainder of this paper is organized as follows. In chapter 2| we provide defini-
tions of variable Lebesgue spaces, the Poincaré property of order p(-), the p(-)-Neumann
property, as well as all other necessary definitions and established results. We also out-
line and summarize how the authors of [5] prove theorem [I} In chapter [3| we build the
form-weighted variable Lebesgue space Lg(’). We also show that the properties of L‘é used
in proving theorem |1} still hold in the variable version. Chapter 4|is devoted to exploring
which aspects of theorem [I] translate well into the variable setting. We ultimately fail to
prove or disprove the equivalence as desired.

In attempting to translate the equivalence between the Poincaré property of order p and
the p-Neumann property to the variable exponent setting, we will encounter some chal-
lenges. In chapter we will prove that LZ(’)(E) is a separable, reflexive Banach space
when 1 < p_ < p, < oo, and then in section 4.2| verify the assumptions of Minty’s Theo-
rem. This will establish that the Poincaré property of order p(-) implies the existence of
weak solutions to the weighted homogeneous Neumann problem. Unfortunately, we will
be unable to definitively prove or disprove that weak solutions are regular. However, we
will be able to show that for every f € LP")(v;E), a weak solution (u,g) s € LP") (v;E) is
bounded by a power of ||fHL,,(.)(V;E).

When exploring whether the p(-)-Neumann property implies the Poincaré property of
order p(-), we ultimately cast doubt on its validity. We will find that the desired Poincaré in-
equality holds for some combinations of functions and weak solutions. However, the tools
we used to do this also showed possible cases where exponents appear on the norms of the

inequality. Moreover, these exponents cannot be removed with the arguments presented.

This could mean that the estimation tools used in the arguments, such as theorem [1§]



or proposition (47| are not enough to prove that p(-)-Neumann implies p(-)-Poincaré, and
that finer estimates exist that could prove it. However, it might be the case that there is a
counterexample. In other words, there might be a measurable matrix function Q with the
p(-)-Neumann property on some bounded, open set E C R” and a function f € C!'(E) with

©) (v;E) such that the p(-)-Poincaré inequality does not hold.

a weak solution (u,g) € Flé’p
If such a counter example exists, then further assumptions on the matrix function Q may be
needed to establish an equivalence between the p(-)-Neumann property and the Poincaré
property of order p(-).

Fortunately, the work in section 4.3[ suggests that a weaker result does hold. If we

alter the regularity condition (23)) to reflect the exponents that appear in the inequality of

theorem [50, we can achieve an equivalence. This new regularity condition

rs—1

HMHLP(‘)(\/;E) < CHfH[Ij;(_)](V’E)

follows from the Poincaré inequality, as proven in theorem [50] By leveraging the homo-
geneity of the Poincaré inequality, we can prove it holds for all C! (E) functions by proving

forall f € CY(E), if || fll 1o) () = M- then

1778000 iy < CIVE TR gyt

These details will be explored in future works.



CHAPTER 2
Motivation

2.1 Preliminaries

We begin by introducing some notation. Throughout the rest of this paper, let E C R"
be a fixed domain. We will sometimes require that £ is bounded and open. In such cases,
this will be explicitly stated for clarity. Let S, denote the collection of all positive semi-
definite, n x n self-adjoint matrices. Recall that an n x n matrix Q, with real valued entries
gij» is positive semi-definite if for all nonzero & € R", ET Q& > 0, and self-adjoint if for all
1 <i,j<n,qij=qj. We can now define matrix functions. Let Q : E — §, be a matrix

with Lebesgue measurable functions as entries, that is for x € E,

q11(x) qua(x) - qua(x)

q1(x) gn2(x) - qon(x)
O(x) =

g1 () gn2(x) - Gun(x)

where for all 1 <i,j <n, g;; : E — R is Lebesgue measurable. Define the associated
quadratic form Q(x,&) = ETQ(x)&, x € E ae. and £ € R™. Let | -| denote the Euclidean

norm on R". We define y(x) = |Q(x)|op = sup|¢|—; |Q(x)&| to be the operator norm of Q(x).

1

Let v be a weight on E, i.e. v is a non-negative function in L;

(E) with v(x) < oo for almost
every x € E. Given a Lebesgue measurable function f, we define the weighted average of

f on E by

|
i = fev = sy /E Fo)v(x)dx



where v(E) is the weighted measure of the E, that is, v(E) = [ v(x)dx
We now define the Poincaré property of order p and the p-Neumann property. The variable

versions of these definitions can be found in section 4.1]

Definition 2. Given 1 < p < oo, a quadratic form Q is said to have the Poincaré property of

order p on E if there is a positive constant C,, = C,,(E) such that for all f € C!(E),

L= fevwar < ¢, [ |Votvsw| s (1)
- C, /é O(x, V£ (x))"2 dx.

Definition 3. Given 1 < p < oo, a quadratic form Q is said to have the p-Neumann property
on E if the following hold:

1. Given any f € LP(v;E), there exists a weak solution (u,g), € I:Ié’p(v;E) to the

weighted homogeneous Neumann problem

aiv (|Va@Vu|” 0WVu() = @) ()v(x) in E o

n' - Q(x)Vu =0onJE,

where n is the outward unit normal vector of JE.

2. Any weak solution (u,g)f € I:Ié’p (E) of (2) is regular: that is, there is a positive

constant C,, = C,,(v, E) such that

||u||L/’(v,E) < Cp“f”Ll’(v;E)' (3)



In the following section, we provide the definition of the degenerate Sobolev space
Hé’p (v;E) and the precise definition of weak solutions. We also outline the methodology
used in [5] to prove theorem [I} which we introduced in chapter [T}

2.2 Established Methodology

The proof of theorem [I] relies on three important facts. The first is that the form-
weighted vector valued Lebesgue space, which we define in chapter [3] is a Banach space.
The second is that if y7/2 € LllOC (E), then this space is separable if p < oo, and additionally
reflexive if 1 < p < oo. The third is the following equality between conjugate exponent
norms. For 1 < p < oo, let p’ be the conjugate norm, that is l +— = 1. Then we have for

I1<p<o

LAIS= = AP~ C))

We will discuss how these three facts are used in [S] to prove the equivalence between the
Poincaré property of order p and the p-Neumann property. The variable exponent versions
of these three properties are proven in chapter 3] We first introduce the classical Lebesgue

space L?, as well as the form-weighted Lebesgue space Lg.

Definition 4. Given 1 < p < o, a set E, and a weight v on E, we define the weighted
Lebesgue space, L”(v; E) to be the collection of Lebesgue measurable functions f: E — R

satisfying || f{| zr(v;g) < o0, where

(Jp [f@)Py(x)dx) P if 1< p < oo
||f||U’(v,E) =

esssup.e |/ (¥)] if p=oo

If v(x) = 1 for a.e. x € E, this space is the classical Lebesgue space L” (E).



Note that in this definition, f is a scalar-valued function. We can also extend this to
vector-valued functions f. In this vector valued setting, we can replace the scalar-valued
weight v with a matrix valued function Q. This leads to the form-weighted vector-valued

Lebesgue space LZ(E ), which we now define.

Definition 5. Given 1 < p < oo, a bounded, open set £ C R”, and a matrix function Q : E —
8,, define the form-weighted vector-valued Lebesgue space, LZ(E ), to be the collection of

all R" valued functions f: E — R" satisfying

1/p

1l e, ) = (/EQ(X»f(X))”/ZdX) </E (\/@f(x)]pdx) UP <oo

A key connection between these spaces lies in their norms and the eigenvalues of the
matrix function Q. For f € LZ(E), we can rewrite |1/Q(x)f(x)| as the ] Fi()]2A;(x),
where each A;(x) is an eigenvalue of Q(x) for a.e. x € E. Consequently, we can prove
that the Lg norm is equivalent to the sum of L” (AJ’.’ / 2; E) norms. Since weighted Lebesgue
spaces are complete, this equivalence implies that LZ(E ) is complete in its norm. These
facts are proven true for the variable exponent setting in Chapter The completeness of L’é
and L7 is inherited by the Sobolev space Hé’p (v;E), which we now define as a collection

of equivalence classes of Cauchy sequences of C!(E) functions.

Definition 6. For 1 < p < oo, the Sobolev space Hé’p (v;E) is the abstract completion of

C!(E) with respect to the norm

”f”Hép(V,E) — Hf“LP(V;E) + ”Vf”LZ(E)

It is known that LP(v;E) is complete. It is then shown in [5] that LE(E ) is complete.



From this, it can then be shown that Hé’p (v;E) is isometrically isomorphic to a closed
subspace of LP(v; E) x Ué(E ), and hence is complete. However, because of the degeneracy
of O, we cannot represent Hé’p (v;E) as a space of functions except in special situations.
Instead, we use a unique pair f = (u,g) € LP(v;E) X L’é(E ) to represent the elements of
Hé’p (v;E). Thus we refer to elements of Hé“p (v; E) by their representative pairs. However,
the vector g need not be uniquely determined by u. See [1-3} 16, [8-H10, |12} [13]] for more
information. However, if f € C!(E) ﬂHQ’p (v;E), of more simply, if f € C'(E) and y?/? €
LL (E). then (f,Vf) € Hy (v:E).

To use this space to prove theorem |1} it is important that we restrict our attention to the

"mean zero" subspace of Hé’p (v;E), which is defined by

I:Ié’p(v;E) ={(u,g) € Hé’p(v;E) : /Eu(x)v(x)dx =0}

It can be shown that I:Ié’p(v;E) is a closed subspace of Hé’p(v;E). Since Hé’p(v;E) is
complete, Flé’p (v;E) is as well. The completeness of Flé’p (v;E) is then leveraged in [5]]
to prove C!(E) ﬂﬂé’p(v;E) is dense in I:Ié’p(v;E). This result allows us to define weak
solutions to the weighted homogeneous Neumann problem (2). Given f € L”(v;E), we

say that a pair (u,g), € I:Ié’p (v;E) is a weak solution of (2) if for all test functions ¢ €

C'(E)nHy" (v:E),

[ IVeWewlr (Vo) owedr = - [ [f@)" 2 fmewywds ()

It should be noted that since C!(E) N I:Ié’p (v;E) is dense in Flé’p (v;E), an approxima-

tion argument shows that this definition holds for all (u,g) € I:Ié’p (v;E). That is, we can



10

replace ¢ with u, and V¢ with g. With this definition of weak solutions, the following

lemma is proven.

Lemma 7. (Lemma 3.1 in [5]) Given 1 < p < ooand f € LP(v;E), if (u,8) s eﬁé’p(v;E) is

a weak solution of the Neumann problem ), then ||(u,g) ”Hé"’(v;E) S A Nlr iy if and only

I lullr ey S IS llLr(E)-

The forward direction of theorem m then follows from this lemma. In summary, the
completeness of £f)(E) ultimately proves that C' (E) ﬂﬁé’p (v;E) is dense in I:Ié’p (VE).
Using this dense subset, lemma [7|is proven, from which it is shown that if yp/ 2¢ LllOC (E)
then p-Neumann implies the Poincaré property of order p.

To prove the reverse direction, Minty’s theorem from [14] is used to prove existence
of weak solutions. To state Minty’s theorem, we first establish some notation. Given a
reflexive Banach space 4, denote its dual space by %*. Given a functional @ € %*, write
its value at ¢ € & as o(@) = (o, ). Thus, if B : B — $B* and u € A, then we have
B(u) € #* and so its value at @ is denoted by B(u)(¢) = (B(u), ). We now state Minty’s

theorem.

Theorem 8. (Minty, Theorem 4.1 in [5])Let 2 be a reflexive, separable Banach space and

fix ' € BB*. Suppose that T : 7B — PB* is a bounded operator that is:
1. Monotone: (T(u) —T(@),u— @) >0 forall u,p € B;

2. Hemicontinuous: for z € R, the mapping z — (T(u+z@), Q) is continuous for all

u,Q € AB;

3. Almost Coercive: there exists a constant A > 0 so that (T(u),u) > (I',u) for any

u € A satisfying ||ul|z > A.
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Then the set of u € % such that T(u) =T is non-empty.

To apply Minty’s theorem in the context of theorem [} it must be shown that if y?/% €

Ll

loc

(E), then I:Ié’p (v;E) is separable if p < oo and reflexive when 1 < p < co. This in
turn depends on showing LZ(E ) is separable if p < oo and reflexive for 1 < p < e when
yPI? € LIIOC(E ). Once this is shown, we let Z = I:Ié’p (v;E) and define the operator T :

-~ -~ %
Hé’p(v;E) — (Hé’p(v;E)> for Minty’s theorem as follows. For u = (u,g) and w = (w,h)
in Flé’p (v;E), T(u) acts on w by computing the left hand side of our definition of weak

solutions (3)), that is,

T, w) = [ Ve (h(x) Qx)g(w)dx.

Now define I'y =1" € (I:Ié’p (v;E )) as the right hand side of our definition of weak

: . 71,
solutions (3)), that is for any f € LP(v;E), I" acts on w = (w,h) € HQ’p(v;E) by

[(w) = (I, W) = — / £ P2 w(x)v(x)dx.

Note that I'y = I" is dependent on f € L”(v;E). For simplicity, we will simply write
I' when f is clear from the context. To see why the operator T satisfies the assumptions
of Minty’s theorem, see theorems 4.4 through 4.7 in [5]. The variable versions of these
operators and proofs can be found in section 4.2

In the proofs of theorems 4.4 through 4.7 in [S]], Holder’s inequality is used, followed by

the conjugate norm equality (4). As an example, we provide the proof that for 1 < p < oo,
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T is bounded on I:Ié’p(v;E). Fix u = (u,g) and w = (w,h)in I:Ié’p(v;E). By the Cauchy-

Schwartz inequality,

h(x)"Q(x)g(x)| < |V O(x)h(x)||v/Q(x)g(x)]
Applying this to the integrand of the operator J and then using Holder’s inequality, we get

(), w) < IV

IV/oh(x)]

LV (viE) ‘ LP(v;E)

Now by our conjugate equality, (@), we get

. <[ [Vewewl|, VeI, . = el il

From the definitions of the £/ and Hj” norms, nggggmuhu cp(e) is bounded by
Hu||il é”l’(v;E) || w| HP () which proves that T is bounded. This process of using Holder’s
inequality followed by (@) is heavily used in many of the arguments in [5].

2.3 Objective

Our objective for this thesis is to determine whether theorem I} which is the main result
of [5], holds when we replace the constant exponent p with an exponent function, p(-).
However, before attempting to answer this question, we first introduce how changing the
constant exponent to an exponent function affects the definition of Lebesgue spaces. We

begin by defining what exponent functions are, and introduce some notation. Then we will

define variable Lebesgue spaces.

Definition 9. Given a set E C R”, an exponent function is a Lebesgue measurable function
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p(+) : E — [1,00]. Denote the collection of all exponent functions on E by & (E). Define the
set Ew by Eeo = {x € E : p(x) = oo}. Define p_(E) = p_ = essinfyeg(p(x)) and po(E) =

P+ = esssupc(p(x))-

Definition 10. Given E C R", p(-) € Z(E) and a Lebesgue measurable function f, define

the modular functional (or simply "modular") associated with p(-) by

o = [, VOOt e

If £ is unbounded on E.. or f(-)?) ¢ L'(E\E..) then we define Pp(.),E = +eo. When
|Ew| =0 welet || f[|=(£,,) = 0; when |[E\Ew| =0, then p,,() g (f) = || fl|=(£..)- In situations

where there is no ambiguity we will simply write p,,)(f) or p(f).

Definition 11. Let E C R" and p(-) € Z(E). Let v be a weight on E, i.e. a non-negative

measurable function in L] .(E) with v(x) < oo for a.e. x € E.

1. We define the variable Lebesgue space L0 (E) to be the collection of all Lebesgue

measurable functions f : E — R satisfying

1 £llp() = inf{n>0:p (ﬁ) <1} < oo,

2. We define the weighted variable Lebesgue space L0 (v;E) to be the collection of all

Lebesgue measurable functions satisfying

Hf”l}’(‘)(v;E) =[[fvllpe) <eo
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To illustrate how the norm || - [| . is different from the classical norm || -|| ,, we consider
an example. Let E = (1,00) and p(x) =x for allx € E. Let f(x) = 1. Since E has infinite
measure and f is a constant function, ||f||, = (/g |f(x)]1’dx)1/p =oo forall 1 < p < oo,

However, if we let u = 2, then

f _/°° —x g1
p<u>—12 dx= 2z <1

Thus || f|| 5.y < 2. This simple example illustrates a difference between classical Lebesgue

spaces and variable Lebesgue spaces. However, there are some similarities. In the classical
setting, we have many well known results, such as Fatou’s lemma, Holder’s inequality, and
the dominated convergence theorem. We also have that L”(E) is a Banach Space. There
are analogous results in LP() (E) that we now introduce. The proofs of these results can be

found in [4]].

Theorem 12. (Fatou’s lemma in LP) (E), Theorem 2.61 in [4]) Given E C R" and p(-) €
P(E), suppose the sequence {fi}r_; C LPUY(E) is such that fi — f pointwise almost

everywhere. If liminfy e || fi|[ () < oo, then f € LPO)(E) and 115y S liminfi e || fll o)

Note that Fatou’s lemma translates unchanged into the variable setting. A version of
Holder’s inequality also holds in LP()(E), but a constant dependent on p(-) must be in-
serted. Before stating this version of Holder’s inequality, we introduce some notation. Let
Ei={x€E:p(x)=1}and E,={x € E: 1< p(x) <oo}. We say p(-) and p/(-) are

conjugate exponent functions on £ C R” if for almost every x € E,
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In defining conjugate exponents, we adopt the convention that 1/c0 = 0. We now state the

modified Holder’s inequality.

Theorem 13. (Holder’s inequality in LPU)(E), Theorem 2.26 in [4]) Given a set E C R"

and p(-) € P(E), forall f € Lp(')(E) and g € LP,(')(E), fg e L\(E) and

L@l < Koyl gl

where

K —(1 _ +1)Hx o 12+ 125,
P() p_ p+ E, || Eo ||oo El oo

Note that if p(-) is a constant function, this inequality becomes the classical Holder’s
inequality with Kp(_) = 1. However, if E1, E,, and E. have positive measure, then K p() = 4.
Hence, for all p(-) € Z(E), 1 < K, <4, and so this version of Holder’s inequality is
still useful. However, the dominated convergence theorem does not translate as well into

variable Lebesgue spaces.

Theorem 14. (Dominated convergence theorem in LP{") (E), Proposition 2.67 in [4]) Given
E CR"and p(-) € P(E), suppose py < oo. If the sequence {fi}_, is such that fi — f
pointwise almost everywhere, and there exists g € LPV)(E) such that |fi(x)| < g(x) almost
everywhere, then f € LPC)(E) and |f = fillp(.) = 0 as k — 0. Moreover, if py. = oo, then

this result is always false.

While the dominated convergence theorem requires an additional assumption to hold
in LP() (E), completeness does not. Its well known that for 1 < p < e, L?(E) is a Banach

space. This also holds true for LP1) (E) as well.
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Theorem 15. (Theorem 2.71 in [4]) Given E C R" and p(-) € Z(E), L) (E) is a Banach

space.

With these results, we see some similarities and differences between the classical Lebesgue
spaces and variable Lebesgue spaces. In the following chapter, we attempt to extend the

methodology used in section[2.2]to this variable exponent setting.
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CHAPTER 3
Main Results on Lg(')
3.1 Equality of Conjugate Norms
In this section, we state and prove the variable versions of the three questions introduced
at the start of section [2.2] We begin by determining the validity of the conjugate norm
equation (@) in the variable exponent setting. When we replace p with p(-) and p’ with

p'(+), the conjugate norm equation becomes
)—1 N
LA = AP .

Upon careful examination of this statement, we see a problem with notation. On the
right hand side, writing the exponent function as p(-) — 1 inside the p’(-) norm makes sense
as the definition of the p/(-) norm involves an integral of | f(x)|?®)~!, with x varying over
the entire domain. However on the left hand side, writing p(-) — 1 outside the norm makes
no sense. Outside the norm, p(-) is not varying over the domain. Replacing p(-) — 1 with
p(x) — 1 makes no sense either, since the norms on both sides of the statement should
yield a constant, not a function of x. However, a qualitative result from (4)) in the constant
exponent setting is that the quantities || f]|,, and ||| f|?~!| » are always comparable. In other
words, || f]|, is finite if and only if ||| £|P~'||,/ is finite, and there is a relationship between
them. With this observation, we can ask if the same is true in the variable exponent setting.

Unfortunately, the answer depends on the exponent function itself.
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Theorem 16. Let E C R". Let p(-) € P (E) such that p1(E\E«) = oo. Then there exists a

measurable function f : E — R such that

£l py < oo (6)

AP iy = oo @)
Proof. Let E CR". Let p(-) € Z(E) with p; (E\E«) = oo. By the definition of the essen-
tial supremum, there exists a sequence of sets { E; };>_; with finite measure such that
1. if x € Ey, then p(x) > k,
2. Ex CE\E.,
3. Ex.1 C E; and |Ef\Ey. 1| > 0, and
4. |Ex| > 0ask — oo.

For each k, define I;, = E;\Ey. 1. Define f : E — R" by for all x € E,

k=1

= 1 1/p(x)
flx) = (Z mxlk (x)> .

To prove (6) consider = 2. Then

> 1
\(f/2 :/ 2P0 Y (1) —0on E..
Pp()(f/2) P \E kZl | Ik‘x[k(x) x (f(x) =0o0nE.)
= 3 L/2_1)()“)dx
k=1 ’Ik‘ I
< 1ok 2>1)
k 1|Ik‘ I
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Since 27 is constant with respect to x, this last expression simplifies to a geometric series
equal to 1. Thus, || f||,.) =inf{t > 0: p,)(f/p) < 1} <2 which is finite. To prove
let ;1 > 0. Observe that as k — oo, p_(Iy) — oo and p/, ([;) — 1. Thus there exists K € N

such that forall k > K, if x € I},
o ()

Note that {x € E : p/(x) = oo} = {x € E : p(x) = 1} = E|. This is reflected below in the

domain of the integral in the modular p,/(.). Now observe that

P (x) 20
Falde / (e ] P()
/. = —r. (x dx
Pp'() ( L E\EIIJ ]; ‘Ik’XIk( )

> Y — [ p P Wdx (remove terms)

> 1 1
> N —
> ) ‘Ik’/[k podx (see (8))

Thus ||| f[PO 1] () = o= O

The key assumption in this counter example is that the exponent function is unbounded

on E\E.. However, if we assume the exponent function is bounded on E\E.., i.e. that
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P+(E\Es) < oo, then the two norms are still not comparable in general. We also must

assume that p_(E\E]) > 1. We prove this in the following theorem.

Theorem 17. Let E C R". Let p(-) € P (E) such that p_(E\E) = 1. Then there exists a

measurable function f : E — R such that

£l p) =0 )

APO7Y ey < oo (10)

Proof. Let E CR". Let p(-) € Z(E) with p_(E) = 1. by the definition of the essential

infimum, there exists a sequence of sets { E; };>_, with finite measure such that

1. if x € Ej, then p(x) < ¢+ +1,

i

2. Ex CE\E,
3. Exr1 CEpand |Ex\Ej.1| >0, and
4. |Ex] — 0as k — oo.

For each k € N, define I, = E;\Ej . Define f : E — R by forallx € E,

- /()
S = (k; mm(x)) :

To prove (), let > 0. Observe that as k — oo, p () — 1. Thus there exists K € N

such that forall k > K, if x € [},

P > Sy (11)
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Now observe that

f ) [yt
N = = d I;) < oo forall k
Pp() <//L E\Em“ ];1 |Ik|XI"(x) X (p+( k) ora )
|
= JE— u_p(x)dx
/;1 |Ik| I
>y 1 / = PWdx (remove terms)
k Kl k| I
i 1
=) o) e (see (TT))
k=K | k’ L2
= ) oM (] dx=1)
k=K Iy

Since p.) (%) = oo for all u > 0, then [| || ,(.) = . We now show that I[P () s

finite. First note that {x € E : p/(x) =} = {x € E: p(x) = 1} = E. This is reflected in the
domain of the integral in the modular p,/.). Now consider i = 2. By our construction of
the sets {Ex};> 4, if x € I, then 20— = k. and so —p(x)= p(f)(f)l < —kp(x) < —k. Thus

7P (%) < 2kp(¥) < 2=k forall k € I.

S| p(x)—1 |
= 277y g (x)dx =
/E\El kglvkl)ak() ( p(x) p’(X))
—y L (o v,
k=1 | k’ I
<Y L2ty
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Since 2% is constant with respect to x, this last expression simplifies to a geometric

series equal to 1. Thus p,(.) (&) <1 and so H\f]l’(')_alz(,) <2 which is finite. [

Having illustrated that if p (E\Ew) = oo or p_(E\E]) = 1, then the norms || f| (., and
[FalaSa| /() are not comparable in general, we turn to proving that these two norms are

comparable when 1 < p_ < p; < oo,

Theorem 18. Let E CR" and p(-) € P (E) with 1 < p_ < p4 < oo, and f be measurable

on E. Then || f|| () is finite if and only if || | £]PC)—1 () is finite. In particular

1. 0< |||f|p(')*1||p/(.) < lifand only if 0 < || f|| 5.y < 1. Moreover, if 0 < || fllp) < L

then
LA < AP ey < A1 (12)

2. 11PN |y < ooifand only if 1 < ||f]] ) < o. Moreover, if 1 < || f ) <,

then
Hfll”‘_1 < Hlflp(')_lll < ||f||”+*1 (13)
p(-) P'() p()

Before proving this result, we state some observations about conjugate exponent func-

tions and the modular. Let E C R” and let p(-) and p’(-) be conjugate exponent functions
1 1
onE,i.e. — + —— = 1. Then we also have that

p()  P'()

p'() = (14)
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Furthermore, if 1 < p_ < p4 < oo, then for a.e. x € E the following statements hold:

1 1 1
0< < < < oo (15)
p+—17 px)—17" p_—1
1
0<p_—1<— <pi—1<oo (16)
p'x)—1

Proposition 19. Let E CR" and p(-) € Z(E) with 1 < p_ < p4 < e, and f be measurable

on E. Let o = ||| f]P*)~ and W, = || || p.)- Then we have the following:

1||1v’(~)

. e\
Ho
Pt
if Wy < oo then /E <W> dx <1 (18)
p

Proof. Let 0 < Uy < oo. Observe that

p(x)
]P0~ /If / £ (x)[P) / £ (x)]
, d S U VAoV SR P N (N VA7) B B
pP<>< = WEICERD = L ud /P~ o

By definition of ||| £|70) =1 (), Py (‘fﬁ#) < 1. Thus (T7) holds. Now let 0 < ft, < oo,

Observe that

"(x)/(p'(x)— '(x)— p'(x) Y= p'(x)
) (m):/ (m)p()/(p() ])dx:/ |1/ @-1) dx:/ £ "
PO\, ) Je\u, AR £\ u /70D

By definition of || || »(.)> Pp(.) (%) < 1. Thus (I8)) holds.
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With these observations, we now prove theorem

Proof. (Theorem We first prove case 1, i.e. that 0 < ||\f|1’(')_1||p/(.) < 1 if and only

if 0. < |[fll,) < 1. Assume O < [[[f[PC)71]] ;) < 1. Let o = ||| £[PO1]| ). By (@3,

1/(p+=1) /(p(x)=1)

1
Mo > U, , and so we have

(x) ()
[ (- e [ (- T
e ul/(p+—l) = JE 1/(p(x)—1)
0 Ho

By (17), the right side of this last inequality is at most 1. Thus, 1/(p+=1)

f||p(.) < Hy , Or

equivalently, ||f||§(+_;1 < |||f|p(')*1||p/(,). Therefore, 0 < [|f||,.) < 1. The proof of the

converse is similar. Assume 0 < [|f]|,) < 1. Let g, = ||f||,.)- Now note that since

0 < up, < 1, (I6) implies that ,u,’;‘_l > ,ull,/(pl(x)_l). Thus, by monotonicity, we have

p-1\ 70 pw-1 "
/ <|f|p—1 ) dxg/ ( |1];|<p’<x>—1)> a
E Uy E Up

By (I8), the right side of this last inequality is at most 1. Thus ||| f[P()~! pr) < Nﬁ’_l and

s0 0 < ||| f|P0)-1 |y < 1. Moreover, we have
LA < AP iy < D12

Hence, (I2) holds. For the second case, suppose that 1 < ||| f|P()~! () < oo Let po =

|||f|”(‘)*1||p/(.). Since yy > 1, implies ,u(i/(p’_l) > ,ué/(p(x)_]), which gives

p(x) p(x)
i (-2
A dx < L — d
/E ( oD s | PCR X
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By (I7), the right side of the last inequality is at most 1, we have that [|f|,.) <
,ué/(p‘fl), or equivalently Hng(*)*l < H|f’p(')_1Hp/(.). Thus, || f|] ) is finite. If || £ o) < 1,
then from case 1, we would have iy < 1. This would contradict the assumption that py > 1,
Thus, || f][) > 1.

To prove the converse, assume 1 < ||f||,.) < oo. Let w, = [|f]|,(). Since w, > 1, (16)

implies [,L5+_1 > ’u;/(p/(x)—l)' Thus, we have

L\ W oo\ P
/ Vi / AP ix
A = Je \ Q0D

By (18), the right side of the last inequality is at most 1, we have that H|f|p(')*1||p/(_) <

-1 . N —1 )— . . —
AJ+~, orequivalently ||| £70) N < Hf”g(f) . Thus ||| £|¢) M| (. is finite. If [Fale e <
1, then from case 1, we would have u, < 1. This would contradict the assumption that

Uy, > 1. Thus |||f\1’(')*1||p/(_) > 1. Moreover, we have
LI < IAPO e < D115

Hence, holds. O

While this result requires more assumptions than in the constant exponent setting, this
doesn’t necessarily mean that theorem [I| cannot be translated into the variable exponent
setting. One of the necessary assumptions in theorem [I]is that 1 < p < co. This parallels

the assumption in theorem[I§|that 1 < p_ < p; < oo,
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3.2 Completeness

As discussed in section the completeness of Hé’p (v; E) rested on the completeness
of LZ(E ). To translate the results of [5]] into the variable setting, we need to show Lg(') (E)
is complete. In order to do this, we first define LZ(')(E ) and introduce some important

facts.

Definition 20. Let E C R”, p(-) € Z(E), and Q : E — §,, be a measurable n X n matrix
valued function. The form-weighted vector-valued variable Lebesgue space Lg(') (E) is the

collection of all measurable R” valued functions f = (f1,---, f;) : E — R” satisfying

I8 ) = H'mf@lup(-) =

1/r

If x=(x1,...,x,) €ER"and 1 <r <o, define the ¢" norm on R" by x|, = (2?21 |xj\’>
for r < oo and |x[w = sup; <<, |x;|. As mentioned in section when r = 2, we have the
Euclidean norm, and denote it by |- [» = |- |. Recall that in finite dimensions, all norms are

equivalent. In particular, the ¢!, ¢%, and ¢ norms have the following equivalences on R”.

Lemma 21. Let x € R". Then the following equivalences hold:

x|z < |x|1 < V/nlx]a,
[x]eo < Jx|2 < VX[

[0 < 1 <l

Recall that every finite, self-adjoint matrix is diagonalizable. We extend this to matrix-

valued functions.
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Lemma 22 (Lemma 2.3.5, [[L1l]). Let Q be an finite, self-adjoint matrix whose entries are
Lebesgue measurable functions on some domain E. Then for every x € E, Q(x) is diago-
nalizable, i.e. there exists a matrix U whose entries are Lebesgue measurable functions on
E such that UT QU is a diagonal matrix and U (x) is unitary for every x € E. Equivalently,

there exists a diagonal matrix function D(x) such that for almost every x € E
O(x) = U" (x)D(x)U ().
In particular, given such a matrix Q, we can define its square root by

VOK) =U"(x)/D(x)U(x),

where \/D(x) takes the square root of every entry along the diagonal.
Remark 23. Given a measurable matrix function, Q : E — 8, let {4;(x)}’]_, be the eigen-
values of Q(x) and {v;(x)}_, be corresponding orthonormal eigenvectors. The eigenval-
ues, A;(x) are measurable since Q(x) is measuarable, while the eigenvectors, v;(x) may be
chosen to be Lebesgue measurable. The proof of this is given in remark 5 of [13].

We need one more lemma before proving Lg(') (E) is complete. In section we stated
that LP()(E) is a Banach space. In order to show that L’é(')(E ) is complete, we must use

the fact that LP() (v; E) is a Banach space.

Lemma 24. Let E C R" and v be a weight on E. Let p(-) € P(E). Then L) (v;E) is a

Banach space.

Proof. Let Ey C E be the support of the weight v. Then LPU)(v;E) = LPU)(v; Ey). De-

fine the mapping 7 : LP")(v; Ey) — LPU)(Ey) by I(f) = fv. This mapping is linear and is
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invertible, with inverse / *l(g) = % Note that since Ey is the support of v, ‘% is defined.
Moreover, ||f||L,,<.)(v;E0) = ||fv||L,,(.>(Eo), and so the map [/ is an isometry. Thus / is an iso-
metric isomorphism from LP() (v; Eg) to LPU)(Ep). Since LPU) (v; E) = LPU) (v; Ey), we also
have that L”() (v; E) and LP() (Ey) are isometrically isomorphic. Therefore, since LP(") (Ej)

is a Banach space, so is L") (v; E). H
With these lemmas, we can prove that L’é(’) (E) is complete.

Theorem 25. Given E C R", p(-) € Z(E) and a measurable n x n matrix function Q :

E — 8", then Lg(') (E) is a Banach space.

Proof. Since Q(x) is finite and self-adjoint, by lemma Q(x) is diagonalizable. By
remark 23] the eigenvalues of Q(x) are measurable and the corresponding unit eigenvectors
may be chosen to be measurable. Denote by 4;(x),...,A,(x) the measurable eigenvalues
of Q(x) and choose measurable eigenvectors v (x),...,V,(x) with |v;(x)| = 1 for almost
every x € E and for 1 < j < n. Hence, {v; (x)};?:] forms a basis for R” for almost every

x€E. Fixfe LZ(')(E). We now write f as

where f = 'y j is the jth component of f with respect to the basis {v j}?zl. Completeness

follows once we establish the equivalence of norms: for all f € Lg(') (E),

& noo
; Zl HfJ'HLp(-)(;le/z;E) < HfHLIé()(E) < Zl HfjHLp(')(),jl/z;E) (19)
J= J=
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Indeed, suppose inequality (I9) holds. Let {f;};> , be a Cauchy sequence in Lg(')(E ). Let

€ > 0. Choose N € N such that for every [,m > N, ||f; —f,

m||%(-)(E) < ég/n. Letl,m > N.

Then by inequality (T9),

n
Z ) Vil AVE <ﬂﬂ—%hémn<&

1/2

: o : Ya1/2 :
Thus foreach j=1,...,n, {f,{vj}kzl1sCauchy1nLP()(lj/ JE). Bylemma Lp()(/lj ,E)
is complete, and so there exists §; € LP() (4 J] %E ) such that as k — o,
6 v; = &l o) 12y = O
Define g: E — R" by for x € E, g(x) = ¥}, §;(x)v;(x). Now by (19), we have
”fk_gHLIé()(E) < Z:l |’f£VJ _g]HLP()(}L}/z,E)
J:

Since for each j =1,...,n we have ||fl v; — Zill AV — 0 as k — oo, we have that

fr > gin LZ(’)(E) in norm. Since for each j=1,...,n, we have g, € Lf”(')(/"tjl/2 E), then

by (19), g € Lg(') (E). Therefore, Lg(')(E) is complete.
It remains to prove inequality (T9). We first establish a pointwise equality: for almost

every x € E,

[V O)f(x) |—<Z|f] )1/2. (20)
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Observe that for almost every x € E,

1/ O(x)f(x Z 17 () Qx)v;(x) (Pythagorean theorem on R")
:i x) [PV ( \/QT\/_VJ (vy €R",y>=y"y)
- 2 TRV (00w, (0 self-adjoin)
- JZ 700 PA (0¥ (1), (1 ()Y (x) = A (x)v,())
:Z TP ) (%) = 1)

Taking the square root yields the desired equation. We now show that the Lg(') norm
is equivalent to a sum of weighted LP0) norms. Define F : E — R” by for x € E, F(x) =
(|f1(x) \/'Lll/ 2 (x), .0, | fu(x) \/'L,} /2 (x)). Applying the pointwise equality (20) and our defini-

tion of F we have that

I8y = [IVQWEWI| = (1P

We now prove both inequalities in inequality (I9). To show [|f]] ., ) i IF [ A5y
0

we apply lemma|21]and the triangle inequality to get

1Pl < IE@I ) < X 1752 ”2||,,<.>=z|m|| gy
Jj=1 J=1
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To show the reverse inequality, we apply lemma 21| to get |[|F(x)|[| ) > [[|F (x)]eo]l -
Now we use the fact that };_; 1 = n and the definition of | oo to get
N 1 1 & AV 1
IFI=l = B IFWI=l 5 L IGOA Wl = 3 X Wy
Thus we have proven inequality (I9). O

3.3 Separable and Reflexive

In order to use Minty’s theorem from section [2.2] we must show that the variable ver-
sion of Hé’p ¢ (v;E) is reflexive and separable. This is proven in chapter However, the
proof relies on the fact that Lg(') (E) is reflexive and separable. We now turn our attention
to proving Lg(') (E) is separable and reflexive. To do so, we will utilize the norm equiva-
lence (T9) established in theorem 25, We will also rely heavily on the fact that LP() (E) is
separable if E is open and p < oo, as well as that LP0) (E) isreflexive if 1 < p_ < pi < eo.
We begin by exploring the separable property. We state that U’(')(E ) is separable, then

show that the weighted version is also separable.

Theorem 26. [4 Theorem 2.78] Given an open set E C R" and p(-) € P(E), then LP*) (E)

is separable if and only if p < oo.

Theorem 27. Given a open set E CR", aweight v on E, and p(-) € P (E), then L") (v;E)

is separable if p .

Proof. By theorem LP(‘)(E ) is separable, and so there is a countable, dense subset
D C LP(')(E). Lete >0and f € LP(')(v;E). Then fv € LP(')(E), and so there is an element

d € D such that || fv—d||,.) < €. Let u = || fv —d|| (). Let Eg be the support of v. Define
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dy: E — R by
d(x) if €Ey
do(x) =
0 ifx ¢ Ey
Observe that
B _ p(x)
Hu Ey u
_ 1)
_ [ v =A (dov(x) = d(x) in Ep)
Ey u
_ g1pW)
S/ fr—d\™ (Ey CE)
E| H
<1 (= fv=4dl,))-

Thus || fv—dovl| ;) < u <& Thus || f —dol| (), < € Hence, the collection of all pos-
sible d defined as before is dense in LP ) (v;E). Since D is countable, so is this collection.

Thus LPU)(v; E) is separable if E is open and p, < oo. O

We now prove that Lg(')(E ) is separable by leveraging the previous theorem and the

norm equivalence (19).

Theorem 28. Given an open set E CR", p(-) € & (E), and a measurable matrix function

Q:E— 8, if py < oo, then Lg(')(E) is separable.

Proof. As in the proof of theorem we denote the measurable eigenvalues of Q(x) by
A1(x),..., A (x) and choose corresponding measurable eigenvectors vy (x),...,v,(x) with

|v;(x)| =1 for almost every x € E and for 1 < j <n. Then {v;(x)};_, forms an orthonormal
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basis for R” for almost every x € E. Let f € Lg(') (E). We write f as

where f; = fl'v; is the jth component of f with respect to the basis {v itie1-

Let € > 0. From lemma , LP(')(ljl/ 2;E) is separable, and so for each j there is

1/2

a countable, dense subset D; C LP(')(lj ;E). Thus, for each j = 1,...,n, there exists

d;j € D;j such that

Hf] _deU,(A)(AJ}/Z;E) < g/n.

Define d € >< Djbyd=Y"_,d;v;. Then by the norm equivalence (19),
n
Hf dHLl’( Zlnf] dH 1/2 )<8.
j:

Thus, X;Zl Dj is a dense subset of Lg(') (E). Since the finite cartesian product of countable

sets is countable, we have that Lg(')(E ) is separable. O

We now turn to proving Llé(’) (E) is reflexive. We first define the reflexive property and
present some useful characterizations of reflexivity. We then present two theorems that will

simplify our proof.

Definition 29. Let X be a Banach space. The dual space by X* is the set of all bounded,

linear functionals on X. Define the canonical linear isometry & : X — X** by

If JF is surjective, then X is reflexive.
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Closed subspaces and product spaces of reflexive Banach spaces are also reflexive.
Moreover, given two Banach spaces X and Y, if 7 : X — Y is an isomorphism, then X is
reflexive if and only if Y is reflexive. In this context, 7" is an isomorphism provided 7 is
bijective, linear, and T and 7! are continuous. We now state when variable Lebesgue

spaces are reflexive.

Theorem 30. /4, Corollary 2.81] Given E C R" and p(-) € P (E), LPV)(E) is reflexive if

andonly if 1 < p_ < py <oo.

Theorem 31. Given E C R", a weight von E, and p(-) € Z(E) with 1 < p_ < p4 < oo,

LP(')(V;E) is reflexive if 1 < p_ < p4 < oo,

The proof of theorem [31]is identical to the proof of completeness in lemma[24]found in
section[3.2] This is because a closed subspace of a reflexive Banach space is reflexive. We
now to prove that Lg(') (E) is reflexive by showing it is isomorphic to a product of reflexive

Banach spaces.

Theorem 32. Given a set E CR", p(-) € #(E), and a measurable matrix function Q :

E— 8, ifl <p_ < pi <oo, then Lg(')(E) is reflexive.

Proof. Let A1 (x),A2(x),...,A,(x) be the eigenvalues of Q(x), and let v (x),va2(x),...,Vv,(x)

be the correspoding unit eigenvectors. Let f € Lg(') (E). Then we can write f as
n ~
f(x) =} fi(x)v;(x).
j=1

where f; =f7v;. This inducesamap T : Lg(')(E) — X’}:l L) (ljl/z;E) defined by T'(f) =

(fi,---,f;). Observe that T is bijective because of the norm equivalence (I9). That is,
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V£l e is finite if and only if the product space norm };_ || fill is finite, and

(172
LPO(A;7E)

sof € L)(E) if and only if T(f) € X'_, LPO(A; /% E).

j
To see that T is linear, observe that for all f, g € Lg(')(E) and @ € R, (f+ag)’v, =

t7v; + aglv;. Thus,
T(f+oag) = (fi+og,....fant+oag,) =T +aT(g).

Thus, T is linear. We now show that T is continuous by showing if f; — f in Lg(') (E),

then 7 (f;) — T(f) in X?: LP (A Jl/ “E ). Note that by the product norm definition,

n
||T(fk)_T(f)||X7 DO E Z,Hf/k fjllL,, 2172

By the norm equivalence (19), this product norm is bounded by n||f; — f]| DO () Since
fy — fin L‘g(")(E ), this upper bounded tends to zero as k — co. Hence, so does ||T (f;) —

T(f)]| : Thus, 7 is continuous. The norm equivalence (I9) also shows that

X1, L0 (2% E)’

T~ is continuous, since ||f; — f||Lp< 1s bounded by }i_ Hfjk _ff||Lﬂ(~)(,11/2~ £)’
j
Since Lg(’) (E) is isomorphic to the product of reflexive space, X;Zl 948 (l 1/2. 2 E),and

products of reflexive spaces are reflexive, then so is Lg(') (E). O

We have shown that for 1 < p_ < p < eo, the norms || f||,(.) and |Hf\1’(')_1Hp/(.) are
comparable, as well as that LZ(')(E ) is complete, is separable if E is open and p; < oo,
and is reflexive for 1 < p_ < p, < co. With this result, we would expect that theorem [I]
will translate into the variable exponent setting. However, it does not. We devote the next

chapter to exploring this.
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CHAPTER 4
Exploration of the p(-)-Neumann and p(-)-Poincaré Properties
4.1 Definitions
We begin our exploration by building the variable version of the Sobolev space H, é’p (v;E).
Recall that a weight v on a set E is a non-negative measurable functions in LlloC (E) with
v(x) < oo for almost every x € E. As we did with the constant exponent version in section
we define Hé’p © (v;E) to be a collection of equivalence classes of Cauchy sequences

of C!(E) functions.

Definition 33. Given a bounded, open set E C R”, a weight v on E, a measurable ma-
trix function Q : E — 8, and p(-) € Z(E), the Sobolev space Hé’p (')(v;E ) is the abstract

completion of C'(E) with respect to the norm

Hf”Hé‘p(')(v;E) = [1f1l o0 sy + |!Vf||%<<>(E)

We can uniquely represent elements f € H é’p © (v; E) by their representative pairs (u,g) r €
LPO)(v;E) x Lg(‘)(E). Since L") (v;E) and L’é(')(E) are Banach Spaces, are separable if
E is open and p < oo, and reflexive if | < p_ < p; < oo, s01s Hé’p(')(v;E).

Theorem 34. Let E C R” be a bounded, open set, p(-) € P (E), and Q : E — 8, be a
gLrt)

measurable matrix function. Then 0 (v;E) is a Banach Space. Moreover, if p < o,

then it is separable, and reflexive if 1 < p_ < p, < oo
Proof. It suffices to show that Hé’p ¢ (v; E) is isometrically isomorphic to a closed subspace

of LPO)(v;E) x Lg(‘)(E). Define the map I : Hé’p(.)(V;E) — LPV(nE) x il’é(')(E) by

1(f) = 1((un, Vun)) = (u,g)
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where u, — u in LP*)(v; E) norm and Vu, — g in LZ(')(E) norm.

Let f = {(un, Vu,)} and h = {(w,, Vw,)} be equivalence classes of Cauchy sequences
of C!'(E) functions, from Hé’p(’)(v;E). Suppose u, — u and w, — w in LPO)(v;E) and
Vu, — g and Vw,, — h in Lg(')(E ). We will show that / is a linear isometry. Let @ € R.

Observe that

I(f + oh) = 1((tn, Vitn) + (W, VWy))
= I((ttn + QWn, V (1t + 00wy, ))
= (u+aw,g+ ah)
= (u,g) + o(w,h)

— I(f)+ al(h)

Thus I is linear. To see that / is an isometry, observe that

n—oo

Hence, [ is a linear isometry and so its image is a closed subspace of Lp(‘)(v;E) X
Lg(')(E ). Consequently, Hé’p (')(v;E ) is isometrically isomorphic to a closed subspace of
LPU) (v;E) x Lg(') (E), and thus every element of Hé’p © (v; E) can be uniquely represented

by an element of LP()(v;E) x Lg(')(E). Since LZ(')(E) x LPU)(v; E) is a Banach space, so



38

is Hé’p(')(v;E). Likewise, Hé’p(')(v;E) is reflexive if 1 < p_ < py < oo, and since E is

open, Hé“p(')(v;E) is separable if p; < oo. O

In section we used the mean-zero subspace of Hé’p (v;E) to define weak solutions.
We do the same in the variable exponent setting. The mean-zero subspace of Hé’p ©) (v;E)

is defined by
A"V (vE) = {(u,g) € HY" (viE) /E”(x)V(x)dx =0}

In the constant exponent setting, the mean-zero subspace of H, (12,;; (v; E) inherits the prop-

erties needed to apply Minty’s theorem. This also happens in the variable exponent setting.

Theorem 35. Given a bounded, open set E CR", p(-) € Z(E), and a measurable matrix
function Q : E — 8, then I:Ié’p(')(v;E) is a Banach space. Furthermore, I:Ié’p(’)(v;E) is

separable if p. < o and reflexive if 1 < p_ < p; < oo

Proof. Since Hé’p © (v;E) is anormed linear space, it is also a metric space. Every subspace

of a separable metric space is separable, and so 1:1(127” (’)(v;E ) is immediately separable if

D+ < oo

To show that ﬁé’p(')(v;E) is a Banach space, it suffices to show that I:Ié’p(')(v;E) is

a closed subspace of the Banach space Hé’p (')(v;E). Let p(-) € Z(E). We now show

that ﬁé’p(')(v;E) is closed. Let {(u;,8;)}7., be a Cauchy sequence in I:Ié’p(')(v;E). Since

Hé’p(‘)(v;E) is complete, there is an element (u,g) € Hé’p(')(v;E) such that u; — u in

LPY)(v;E) and g; — g in L’é(')(E). We must show that (u,g) € I:Ié’p(')(v;E), i.e. that

Jpu(x)v(x)dx = 0. Since for all j, (u;,g;) € I:Ié’P(') (v;E), we have that [ u;(x)v(x)dx =0.
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Thus,

/E u(x)v(x)dx

) =) (u; € A" (v:E)
< L) = (0l ()

< KP(‘) | (u— “j)VHLP(-)(E) 1 ||Lp’(<)(E) (theorem (13))

Since E is bounded, |1 ||Lp/(.)(E) < oo, To see this, choose = |E\E|+ 1. Then

1 p'(x)
P/ =[ () vl mlee

E\E.. \ 1
1
< —dx—+||1 o A>1
< [ et I /mliee (A>1)
1 1
< |E\Eo| + —
u u
_ |E\Ex]+1
u
=1 (choice of )

Since E is bounded, t = |E\Ew|+ 1 <ooandso ||1 ||L,,/(.)(E) < oo. Since u; — uin L) (v; E),
we have that ||(u — uj)vHU,(.)(E) = ||u— ujHU,(.)(V;E) — 0. Hence, [ u(x)v(x)dx = 0. Thus,
(u,g) € I:Ié’p (')(v;E ). Therefore, I:Ié’p (')(v;E ) is a closed subspace of the complete space
Hé’p (')(v;E ) and so is complete. Furthermore, this argument holds if 1 < p_ < p; < e and

SO I:Ié’p ) (v;E) is reflexive if 1 < p_ < p4 < oo, since every closed subspace of a reflexive

Banach space is reflexive. [

In [5]], it was shown that given a bounded, open set E C R”, a constant exponent 1 <
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p < oo, and a measurable matrix function Q : E — §,, if yp/ 2 e L}OC(E), then Q is p-
Neumann if and only if Q has the Poincaré property of order p on E. We now translate
the necessary definitions in [3] into their variable counterparts. We begin by defining the

Poincaré property of order p(-).

Definition 36. (Poincaré Property of order p(-)) Given a bounded open set E C R” and
p(-) € Z(E), ameasurable matrix function Q : E — 8, is said to have the Poincaré property

of order p(-) on E if there is a positive constant Cy = Cy(E) such that for all f € C'(E),

Hf_fEHLP(')(V;E) < COHVfHL/é()(E) (2D

For brevity, we will sometimes refer to the Poincaré property of order p(-) as the p(-)-
Poincaré property. Next, we define the p(-)-Neumann property, and then define weak solu-

tions.

Definition 37. (p(-)-Neumann Property) Given a bounded, open set E C R" and p(-) €
P (E), a measurable matrix function Q : E — §,, is said to have the p(-)-Neumann property

on E if the following hold:

1. Given any f € LPU)(v;E), there exists a weak solution (u,g); € Flé’p(')(v;E) to the

weighted homogeneous Neumann problem

av (| VEEVuta)| " 0eVu() = 20 in .

n’ - Q(x)Vu(x) =0on JE,

where n is the outward unit normal vector of JE.
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2. Any weak solution (u,8) s € I:Ié’p(') (v;E) of (22) is regular: that is, there is a positive

constant Cp(.y = Cp(.) (v, E) such that
eell o0 i) < Cop) 1 1|12 s (23)

Definition 38. (Weak solutions) Let E C R” be a bounded open set and p(-) € Z(E).
Given f € L) (v;E), we say that the pair (u,g); € ﬁé’p(')(v;E) is a weak solution to
the weighted homogeneous Neumann problem (22)) if for all test functions ¢ € C'(E) N

I:Ié’p(')(v;E),

IV 2 (Vo) 0wgldr = — [ ()12 (x)g(0)(v(x)) V.

With these definitions, we can explore whether the equivalence between the p-Neumann
property and the p-Poincaré property holds in the variable exponent setting. We must
determine whether the p(-)-Poincaré property implies the p(-)-Neumann property. In the
following section, we prove that the p(-)-Poincaré property implies the existence of weak
solutions to (22)).

4.2 p(-)-Poincaré Implies Existence of Weak Solutions

To prove that if Q has the Poincaré property of order p(-) on E, then there exists a
weak solution to the weighted homogeneous Neumann problem (22), we will use Minty’s
theorem from [14]. While Minty’s theorem was stated in chapter 2.2} for ease of reading,
we will again state Minty’s theorem and remind the reader of some notation.

Given a reflexive Banach space % denote its dual space by %*. Given a functional

o € A, write its value at ¢ € B as a (@) = (o, ¢). Thus, if B : B — F* and u € A, then
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we have fB(u) € Z* and so its value at @ is denoted by B (u)(¢) = (B(u), @).

Theorem 39. (Minty’s theorem, [14]) Let B be a reflexive, separable Banach space and

fix ' € $B*. Suppose that T : B — B* is a bounded operator that is:
1. Monotone: (T (u) — 7 (@), u— @) >0 forall u,¢ € B;

2. Hemicontinuous: for z € R, the mapping z — (T (u+zQ), Q) is continuous for all

u,Q € AB;

3. Almost Coercive: there exists a constant A > 0 so that (7 (u),u) > (I',u) for any

u € A satisfying ||u||z > A.

Then the set of u € B such that 7 (u) =T is non-empty.

To apply Minty’s theorem to prove the existence of a weak solution, let 8 = H é’p ) (W E).

We can then define the operators I" and 7 to be the two sides of the weak solution condition

in definition 38l

Definition 40. Fix p(-) € Z(E) with 1 < p_ < p, < oo. Let f € LPU)(v;E). Define

F=TIy: Flé’p(")(v;E) — R by for w = (w,h) € I:Ié’p(")(v;E),

([w) = — /E £ PO F (0w (x) (v(x))P V.

Note that I'y is dependent on the given f € L? (')(v;E ). For ease of notation, we will

simply write I' when f is understood in the context.
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Definition 41. Define T : Flgp(')(v;E) — (I:Ié’p(‘)(v;E)> by foru = (u,g) and w = (w,h),

~17 ) .
elements ofHQp( )(V,E),

px)=2
b’ (x)Q(x)g(x)dx

T, w) = [ [Veew

We now show that the operators I'y and T satisfy the assumptions of Minty’s theorem.
To do so, we will often use theorem from chapter 3] We begin by showing for all

feLPOWE), Ty e Hy' (viE)".

Lemma 42. Let E C R" and p(-) € P(E) with 1| < p_ < py < oo. Then for each f €

rG) (v;E), T =T'f is a bounded, linear functional on Hé’p(‘) (v E)..

Proof. Let f € LP)(v; E). We will show that T € (Flgp(') (v;E)) ,i.e. that I"is a bounded,

linear functional. We first show that I is linear. Let w = (w,h) € Flé’p (’)(V;E ). Observe

that for all @ € R,

(Toow) = = [ /00172 (x)aow(x) ()"l
= —a [ 16172 F(xwl) (o)

=o(l,w)

Thus, I 1s linear. To show that I" is bounded, it suffices to show that there exists a

positive constant C = C(f) such that

(T, w) < Cllwv|| .y
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since (Wl () = (Wl o0 () < ||w||ﬁéﬁp(.)(v;E). Observe that by Holder’s inequality in the-

orem[[3] we have

(T, w)| = ‘— /E PO F (o) w(x) (v(x)) P W edx

< [1r0re s wnenas (| [ wax

< [irlas)

<Kyl mp(-)flvp(.)fl 1y vl o (theorem [13))

Since f € LPU)(v;E), we have that 1fv[| () < eo. By assumption, 1 < p_ < py <o, and
so by theorem I[P Typ()=1 |7() < eoas well. Choosing C =K., | | £|PC)=-Tpp()=1 s
we have that

(Tw) < Cllwvl|,
and so I' is bounded, and hence I' € (I:Ié’p(') (v;E)) ' O

In section we presented the proof from [S]] showing that the operator J is bounded
in the constant exponent setting. We now move on to proving that, in the variable exponent
setting, T is bounded, monotone, hemicontinuous. The approaches used in these proofs,

mirror the methods used in [3]].
Lemma43. Let E CR" and p(-) € Z(E) with 1 < p_ < p4 < oo. Then T is bounded

Proof. We will show that 7T is bounded by showing the operator norm of 7 is uniformly
bounded. Denote that operator norm by || - ||, and the linear functional norm by |- |,.
Then the operator norm of T : I:Ié’p(')(v;E) — (I:Ié’p(')(v;E)> is given by

1T llop = sup{[T(w)lop : ”uHHé"f’(?(v;E) =1}
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where |T(u)|,p, = sup{[(T(u),w)| : ||w||Hé,p(.) = 1}. Thus, it suffices to show that

(E)

there exists a constant C > 0 such that for all u,w € I:Ié’p(‘)(v;E) with HuHHl,p()(v.E) =
Q >
[(T(u),w)| <C.
: . ~1p(- .
Fix u = (u,g) and w = (w,h) in HQP( )(v;E) with ||u||Hé,p<.)(v;E) = ||w||Hé,p<.>(V;E). Ob-

serve that by the Cauchy-Schwartz inequality on R",

" 0g| = [(v/Oh)" (v/0g)| < |/Oh|/Qgl.

Note that if f € () (v;E), then by theorem

AP ey < 112 (24)
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p— ifO<|fllp) <1
where p, = . Now observe that

pr HL<|[fllp) <eo

7w = | [ VOB 20(x)) Q)g(via
< [ VWP 2in) oeogiar (| as

< / Ifldx)

< [ VoWe) ™! 1/Qlh(ydx (Cauchy-Schwartz)
< Ky ll1v/ 0217 ) 1/ @R (theorem T3)
< Ky ll1v/ eIl 11/ Ol (ineq. ()
= Ky 181350 11 g (v elllpi) = gl g )
< Koot gy g0 (Il .0, ) morm def.
=Ky (Choice of u,w)
Thus, T is bounded. O]

Lemma 44. Let p(-) € Z(E) with 1 < p_ < p1 < oo. Then T is Monotone.
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Proof. Letu = (u,g) and w = (w,h) be in I:Ié’p(')(v;E). Observe that

(T(w) ~ T(w),u—w)

= (T(w),u—w) — (T(W).u—w)

- /E v/ 0el”V) " (g—h)" Qg — |v/Oh|"") (g — )" Ohdx

= [(V@le—n)" (/g 2\/0h) — (+/0(g—W)" (|v/Oh{"") "2\ /Qh)dx
= [[(VO(e—h)" [|V/Qe")2\/Qg ~ |\/Oh}") 2/0h] dx

= [VGeP a1 G G s

where the (-,-)grs denotes the inner product on R”. Note that in the integrand we have

suppressed the dependency on x. Observe that for each x € E, the integrand is of the form
(s[P=2s — |F[P7 21,5 — r)e

where s,r € R" and p > 1. For such p,s,r, an inequality in [7, chapter 10] shows this

expression is nonnegative. Thus J is monotone. 0

Before proving that J is hemicontinuous, we present an established result showing a

connection between the modular, the norm, and the exponent function.

Proposition 45. [4, Proposition 2.12] Given E C R" and p(-) € P(E), then the prop-

erty that f € LPU)(E) if and only if p(f) < oo is equivalent to assuming that p_ = oo or

P+(E\Es) <o,

Lemma 46. Let p(-) € Z(E) with 1 < p_ < p. < eo. Then T is hemicontinuous.
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Proof. Let z,y € R. Let u = (u,g) and w = (w,h) be in I:Ié’p(')(v;E). Define y = g+ zh

and Y = g+ yh. Then

(T(u+zw) — T(uu+yw), w)

= [ IV@wIP) 20T oy — |\ /@y 0T oy

= [V (VoI /oy - 1/ /oy ds

_ /E (\/Oh)” [,r|p(~)—2r_ ,S|p(->—2s] dx (25)

where r = /Oy ands =/Q7. Define ET = {x€E: p(x) >2}and E- ={x € E : p(x) <
2}. We will show that the integral in equation (23) tends to 0 as z — y by considering the

integral over E* and E~ separately. Observe that our choice of r,s gives

r—s=/0(y—7y) =/0(zh—yh) = (z—y)\/Oh. (26)
Hence,
e =slllpcy = == 1@l <lemyllwl o0 27

Furthermore, from [7, chapter 10], we have for r,s € R" and p > 2,

[P 2r —|s|P2s| < (p—1)lr —s|(Is|P = + [r[P2)
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Combining this inequality with equation and applying them to equation over

ET, we have that

‘/ (\/@h)T [|r|1’(x)—2r_ |S|p(x)—ZS] dx
E+
< /E+ |\/§h||p(x) - 1||I‘— s|(|s|l7(x)—2 + |r|p(x)_2)dx

< le=sllp =11 [ 1V/OH[2 71972+ r(7) 2] dx 8)

Since p(x) >2on ET, by Holder’s inequality from theoremwith exponents %'), p€ 522 >

1, we have

/E+ [V/on? )'S’p(')iz * ’r’p(H) =Koy 2 H’@h’sz(.)/z H s ’rlp(.)szc)/(p(-)—z)

where the norms are taken over the domain E*. Since p < oo, by proposition [1v/Chl]

is finite if and only if [; |/Oh|P¥dx < oo. Since h € Lg(') (E) and p4 < oo, we have
p(x)/2
L venp™ ax= [ 1/onrdx < o
E+ E+
Thus, ||[+/Oh[?| (/2 < °°. Now by the triangle inequality,

Jis2 |"|p(')_2Hp<~>/<p<~>—z> <| |S|p(.)_2Hp(->/<p(-)—z> +| |r|p(')_2Hp<~>/<p<~>—z> |

Observe that

|[s|PC) 2P0/ (P()=2) — |g|P() = |\/§y|p(~) — |\/§(g+yh)|1’(').



50

Since g,h € LZ(’)(E), s0 is (g-+ yh) and thus |||\/O(g —l—yh)|Hp(‘) < 0. Since p4 < oo,

by proposition [#5] we have

p(x)/(p(x)-2)
. Vot ax= [ 1VOlg+ )P < oo

Thus H |s|P(')_ZH is finite. The same argument shows H |r|P(~)—2H

p()/(p()-2) p()/(p()-2)
is finite. Therefore [5. |/Oh|? )|s|1”(")*2 + |r|p(x)*2‘ dx is finite, and so (28) converges to 0

asz — y.
Now consider the domain E~. Since 1 < p_ < p; < o0, we have 1 < p(x) < 2 for all

x € E~. From [7, Chapter 10], we have forr,s € R and 1 < p <2,
|Is|P~2s — |r|P~?r| < C(p)[s — x|~ (29)

Since p_ > 1, and the constant C(p) is finite for all 1 < p <2, then C =sup, - C(p(x))

is finite. Applying this and Holder’s inequality from theorem [[3|to equation (25)), we get

[ VanyT [ e s 2
< [ Vi [irirt) 2 — s 2| ax
< / [/ Oh|C(p(x))[s — [P~ dx (ineq. (29))
<c [ Vohls—r"dx

< CKp(~)HhH%<-)(E_) H s — [P0~ 70 (theorem [13))
x—1
< CKy( HhH%ﬂ)(E_) [|s —r| Hi(.) (theorem [18))

< () Il g - (2= lIwl)™ (ineq. €7)
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p— ifO<||s—rl[[,) <1
where p, = . Since py < oo, we have 1 < p, < oo. Thus,

P 1< lls =]l <o
converges to O on E~ as z — y, and so J is hemicontinuous. O
g

Lastly, we will show that 7T is almost coercive. The following propositions will be used

to do so.

Proposition 47. [4 Corollary 2.23] Given E CR" and p(-) € P(E), suppose |Ex| =0. If
Hpr(.) > 1 then

PP < fllpey < PP

Ifo< ||pr(.) <1, then

PP~ <1 fllpe) < PPV

Proposition 48. Given a measurable matrix function Q : E — 8, and p(-) € P (E) with

Py < oo, the set C'(E) ﬂl:lé’p(')(v;E) is dense in I:Ié’p(')(v;E).

Proof. Fix (u,g) € I:Ié’p(')(v;E). By the definition of Hé’p(')(v;E), C!(E) is dense in
I:Ié’P (')(v;E ) C Hé’p (')(v;E ). Thus, there exists a sequence of functions u; € C'(E) such

that (1, Vi) — (u,g) in norm. Let y, = uy — (uy)g € CH(E) ﬂﬁlgp(")(v;E), where (1) =

Tg) /E i (x)v(x)dx.
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Then Vy, = Vuy, and so to prove (yg, Vyi) — (u,g) it suffices to show (ux —y;) — 0 in

17O (v;E). Since (u,g) € Hy" (v:E), we have ug = [ u(x)v(x)dx = 0, and so

e = Yiell o) (i) = Nt = (e = (i) ) 1) (015
= [[(e) e = uEl| 10 (1217 (ug = 0)

1
W(E) /E(Mk — u)vdx| o0y ) (ug, (ug)g def.)

_ (1 ’ /E (1 — u)velx

H 1 HLp(~) (VE) (norm property)

v(E)
< ! dx||1
< ||, e el
1
<@ Ky lte =1l 1o e I o g I o0 sy (theorem[13)

Since E is bounded, 1 < p_ < p4 <oo,andv € L} (E), then ||1||U,<.)(V;E) and ||1||U,/<,>(E)
are finite. This is shown in the proof of theorem [35] Furthermore, since u; — u in norm,

||y — u||L,,(.)(v;E) — 0 as k — oo. Thus u — y; — 0 in LPO) (1 E). O

We are now ready to show that 7 is almost coercive with an additional assumption on

the matrix function Q.

Lemma 49. Let E C R" be a bounded, open set, p(-) € Z(E) with 1 < p_ < p; < e, and
Q: E — 8, be a measurable matrix function. If Q has the Poincaré property of order p(-)

on E, then forall f € L0 (v;E) in the definition of T', T is almost coercive.

Proof. Let p(-) € Z(E) with 1 < p_ < p4 < e. Assume Q has the Poincare property of

order p(-) on E. Then for all f € C!'(E),

1f = fEll Lo iy < CoHVfHLgo(E)-



53

Then by proposition for every (u,g) € I:Ié’p © (v; E), there exists a sequence of func-
tions {u};>, CCH(E) ﬂﬁé’p(')(v;E) such that (uy, Vug) — (u,g) in norm as k — 0. Thus,
HukHLP(‘>(v;E) - HMHLP(‘)(v;E) and HV“kHLgﬂ)(V;E) — HgHLIé(‘)(V;E) as k — oo. Now since ele-

ments of I:Ié’p(') (v; E) have mean-zero, ug = 0 and for all k, (u;)g = 0. Hence

o= 0y = im0 = () sy < CoJim [V g = ol ey

Thus, the Poincare property of order p(-) holds for all (u,g) € Flé’p (')(v;E). Fix f €

LPY)(v;E). Choose A > 14 Cy. Letu = (u,g) € ﬁé’p(')(v;E) such that Hu||H(12,,,(.)(V;E) > A.

Observe that

A‘ < ||u||Hép()(v,E)
= Il iz + gl o

< @+ Dlell o (Poincaré)

Since A > 1+ Cp, we have that ||g||Lp(.)( > 1. Now observe that since p; < oo, we
0

E)

have

(‘J’(u),u)z/E|\/§g|p(x)_2gTdix
:/E|\/§g\P<X>dx (g"0g =1/ 08

> P 4

=z Hg”zg')(E) (prop
> L Poincaré
> | ul L0 () (Poincaré)
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Consequently,
(€ DT, 2 8170+l oy =N GO)

Now observe that
(= | [ P2 0u) )

S/If(X)I”(x)_l(V(X))”(’“)_lIM(X)IV(X)dx

E
— KP(') “fp(.)ilvp(')il Hp’(~) ”uHLP(')(V;E) (theorem
Koy 17075 a0 eell ror ey < Matllrmr o)
= Bp() P() Hy" (viE) LrOwiE) = Mg Lr0) )

Since f € L) (v;E), [ fv][p(.y < oo. Moreover, since 1 < p_ < p. < oo, by theorem

pr(')_lvp(')_al/ < oo as well. Letting C(f) = pr )_IHP/(.),WC have
1— p, p—
Nl = O 00
Cl+1

(T(w),w)

C(f)lul ;{;w(V;E) o)

Y
Defining the constant ¢’ = C(f) CC(T) we have

1—p_
[(Tw)| < %HUH o E)<7(u),U>
Thus, if we further assume A > €/(P-—1 and ”u”Hl’P(')(v-E) > A, then €V/(P-—1) <
Q s

HuHHé,,(.)(V;E). This in turn implies ‘gHquéi i) < 1. Therefore, if L > 1+ Cp and
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A > ¢/ P—=1) then

(Tw)] < (T(u),u)
and hence, T is almost coercive. ]

We have satisfied all the hypotheses of Minty’s theorem [39] Hence, we have proven
that if Q has the Poincaré property of order p(-) on E, then the existence condition of
definition [37| is satisfied. Thus, p(-)-Poincaré implies existence of weak solutions to the
weighted homogeneous Neumann problem. It remains to be determined whether every
weak solution is regular. It also remains to be determined whether p(-)-Neumann implies
p(-)-Poincaré. In the following section, we show that these remaining pieces might not
hold as desired.

4.3 Doubts on Desired Equivalence

In exploring the validity of the regularity condition (23]), we will encounter some prob-
lems. These problems arise when applying the proposition and the conjugate norm
relationship in theorem The problem comes down to a major difference between the
constant exponent setting and the variable exponent setting. In the variable exponent set-
ting, the supremum and infimum of the exponent function are allowed to differ, where as
in the constant exponent setting, the supremum and infimum of the exponent are the same.
This difference leads to the appearance of exponents in the regularity inequality (23]). This

is demonstrated in the following theorem.

Theorem 50. Let E C R" be a bounded, open set, p(-) € Z(E) with 1 < p_ < p; <
and Q : E — 8, be a measurable matrix function with the Poincaré property of order p(-)

on E. Let f € L) (v;E) and (u,8)r € I:Igp(.)(v;E) be a weak solution to the weighted



homogeneous Neumann problem (22). Define

[ - <1
P+ ngHL’Q()(E)

Px = and

) , >1
p U’HgH%o(E) >

Then there is a constant C = C(p(-),E) such that

. <C P
I8l ey < U1

Proof. Observe that

8170, < [, 1v/081" e
o
= /E v/ 0glP2g" Ogdx
:_/ LF1PO 2 P @) gx
E

S/ LF PO~ 1P@= 1y pdx
E

< Ko IO iy vl

P+
Iy =

P—

—1
1
(

J(viE)

< Ky Coll (/)P ||g||Lzé<»>(E)

re—1

LP(')(V;E)

Th [7*—1
us, HgHL’é(')(E)

g .

< Kp(_)Co||f||r*_1 , and so we have that

if||f||Lp(<)(v;E) >1

l:foHLP(‘)(V;E) <1

(prop.

(v ogl* = 2" 0g)
(def.

(o <o)

(theorem

(Poincaré)

(theorem

56
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Since p. has only two possible values, it suffices to choose C to be the larger of the two

possible values of (Kp(.)Co)l/(p*_l). O

Remark 51. By the Poincaré property of order p(-), we also have that |jul|, (nE) <
CngH%<-)(E)~ Hence, in the case where HgH%«)(E) <1<l sy o8 F o ey <
1<|gll . g(.) () we have that p, = r,, and so we can achieve the desired regularity estimate
by choosing the larger bounding constant. Otherwise, the exponent in the inequality is not
1 unless p_ = p, i.e. p(-) is a constant function. Thus, this result is consistent with the

regularity condition in the constant exponent setting in [S].

It should be noted that theorem [50]does not necessarily disprove the conjecture that the
p(+)-Poincaré property is equivalent to the p(-)-Neumann property. To disprove this conjec-
ture requires a counter example. However, theorem [S0] does call into question the validity
of one direction of the desired equivalence. It is doubtful that the p(-)-Poincaré property
implies the p(-)-Neumann property. This leads to the other direction of the desired equiva-
lence. Does the p(-)-Neumann property imply the p(-)-Poincaré property? Unfortunately,
we encounter similar problems when exploring this question. We begin the exploration of

this question by establishing a useful lemma.

Lemma 52. Let E C R" be a bounded, open set, p(-) € Z(E) with 1 < p_ < p; <o, and
Q: E — 8, be a measurable matrix function. Suppose Q has the p(-)-Neumann property
of order p(-) on E. Let f € LPV)(v;E) and (u,g) s € ﬁé’p(')(v;E) be a weak solution to the

weighted homogeneous Neumann problem (22)). Define

P+ if||g||%<~>(5) <1 P+ Il llpope 21

Px = and Fe =
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Then there exists a constant C = C(p(-),v,E) such that
lell g ) < CIATS: )
0

Proof. By proposition gl < ppy(|v/Ogl). Thus,

20 (E)

I8l ) < L1Vl (prop. )

= /E /gl 2g" Ogdx (g" 0z =/ 0g)
- / 1P fuvP D dix (definition [38))
E
< [1AP 1 v (o < a)
E
Kooy 1P o vl e (theorem|13)
< Ko IV el ot oy (theorem |T8))
< Koy CpO 10 ey 1 0 i (regularity (23))
Thus, Hg||’:;, C||f||r* Where C = K,(.)Cp() depends on p(-),v and E. Rais-

()
0
ing both sides of this inequality to the power of 1/p, and choosing the larger of the two

possible bounding constants yields the desired inequality. 0

We now mention a useful proposition that will be key in starting inequalities in the

proof of the theorem that follows.

Proposition 53. ([4, Proposition 2.21] ) Let E C R" and p(-) € L (E). Then for all non-

trivial f € LPY(E), p(f/|1 £l o) = 1 if and only if p (E /E..) <



59

We now state our conclusion that the p(-)-Neumann property might not imply the

Poincaré property of order p(-). As we will show, we get an inequality with exponents

depending on f and its weak solution (u,g).

Theorem 54. Let E C R" be a bounded, open set, p(-) € Z(E) with1 < p_ < p4 <o, and

Q: E — 8, be a measurable matrix function. Suppose Q has the p(-)-Neumann property

onE. Let f € C'(E) and (u,g)s €

and v, by
pe il o
P+ = ¢
p— i ligll o
I ”Lg()
;. p- lngH%m
pe el g

(E)

(E)

(E)

(E)

<1

> 1

<1

> 1

[:Il7p(~)

0 (v; E) be a weak solution to 22). Define p.,ry, pl,

Y

, and

Iy =

%~

Then there is a constant C = C(p(-),v, E) such that

171

= (p*
Lp(

1)

<ClIVAI-

P+

P+

NN o iy 2

AL .

1

1

1

1
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Proof. Since py < oo, we can use proposition[53] Observe that

fv
1= R rop. 93
Pp() <||fV||p(~)> (prop

= [l v

<l / P

= vl (5 [P 2 v a (2 =11P)
vl [ 1V/Q8lP 2V T g (def. B3)
< vau,:{.% Vo /ov s (o < |at]
I/ sy V@Yl ey (theorem[T3)
<Ky Il vE||g|”*‘1 191l (theorem [T8)
) _||g||"*“ IIVf|I%<->(E)-Bylemma

p*—l j 1)

], <A 1r0)

Q
Applying this to our inequality and dividing appropriately yields the desired inequality.

O

Note that for all f € C'(E), we have f — fr € C'(E) and V(f — fg) = Vf. Thus, if
181050y < 1= 100y O Wy < 1< [l gy them = £k = 1) = 1.

giving the desire Poincaré inequality. Otherwise, the exponent does not reduce to 1 unless

p(-) = pis a constant. In this case, p, = r, = p, =7, = p, and so

"—p—*(p —=p—(p-1)=1
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Hence, this result is consistent with theorem 1.3 in [3)], where for 1 < p < oo, the p-
Neumann Property is equivalent to the Poincaré property of order p.
However, if p(-) is not a constant, and || f|| () ,.r) and HgHL,,(J are both at least 1 or

o (E)
ri— 2= (pl-1)

both smaller than 1, then ||fHU,<.)(V;E) > ||f|]Lp<,>(V.E) . Consequently, in such cases we

cannot improve our arguments to achieve the exact form of the desired Poincaré inequality

in definition
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